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We study critical dynamics through time evolution of quantum field theories driven to a Lifshitz-
like fixed point, with z > 1, under relevant deformations. The deformations we consider are fast
smooth quantum quenches, namely when the quench scale δt−z is large compared to the deformation
scale. We show that in holographic models the response of the system merely depends on the scaling
dimension of the quenched operator as δλ · δtd−2∆+z−1, where δλ is the deformation amplitude.
This scaling behavior is enhanced logarithmically in certain cases. We also study free Lifshitz scalar
theory deformed by mass operator and show that the universal scaling of the response completely
matches with holographic analysis. We argue that this scaling behavior is universal for any relevant
deformation around Lifshitz-like UV fixed points.
INTRODUCTION
Quantum quenches are powerful theoretical / experi-
mental probes for respond of closed systems to time de-
pendent couplings in the Hamiltonian. There are several
motivations for studying such systems among which un-
derstanding critical dynamics is a very interesting one.
A quenched system driving to / crossing a critical point
is an appropriate tool to study critical dynamics (see e.g.
[1]).
Quantum quenches had shed light on distinct prob-
lems including relaxation process in integrable models
[2] and also is widely studied to understand thermaliza-
tion process in strongly coupled theories [3], thanks to
gauge/gravity duality. In the slow quench regime, several
physical quantities obey Kibble-Zurek scaling [4] near the
critical point. Holographic quenches has also uncovered
a new universality class in fast quench regime [5, 6] which
was later showed to be a general feature of theories with
a UV conformal fixed point [7].
A quantum critical point is characterised by two crit-
ical exponents. These two exponents correspond to di-
vergence of the correlation length ξ, and vanishing of the
energy scale of fluctuations δ, during a second order phase
transition. It turns out that δ ∼ ξ−z where z is defined as
the dynamical critical exponent. Quantum critical points
often have z 6= 1 (see e.g. [8, 9]).
In this letter we study fast smooth quenches for generic
dynamical critical exponent (z > 1). Smooth quenches
are defined as δt−1  Λ where δt is the duration of the
quench and Λ is the UV cut-off scale [19]. A smooth
quench is called fast when the scale of the quench is small
compared to any other scale, e.g. the initial gap, in the
theory.
We consider the vacuum state of a theory with a
Lifshitz-like fixed point in very distinct regimes, namely
in (i) a special class of strongly coupled theories with
large number of degrees of freedom and in (ii) free solv-
able Lifshitz scalar theories. We show that under relevant
scalar deformations, these theories obey exactly the same
universal scaling behaviors near the fixed point [20].
HOLOGRAPHIC QUENCHES
We consider a strongly coupled theory admitting a
Lifshitz-like UV fixed point. A reasonable choice as the
gravity dual for such a theory is introduced in [11]. The
deformed theory with a relevant scalar operator with a
time-dependent coupling λ(t) is given by
S =
−1
16piGN
∫
dd+1x
√−g
(
R+ Λ− 1
2
(∂χ)2
− 1
4
eλχF 2 − 1
2
(∂φ)2 − 1
2
m2φ2 − V (φ)
)
,
(1)
where the scalar χ and two-form F are responsible for
the dynamical exponent parameter in the solution space
and V (φ) contains higher (than quadratic) powers of φ.
The scalar field φ, with m2 = ∆(∆ − dz), is dual to the
deformation operator on the boundary side with scaling
dimension ∆ and dz := d+ z− 1. Relevant deformations
on the bulk side are equivalent to m2BF < m
2 < 0 where
m2BF = −d2z/4 [12].
We are interested in the solutions where the geometry
dual to the vacuum state of a theory with a Lifshitz-like
fixed point is given by
ds2 = −f(t, r)
r2z−2
dt2 +
dr2
r4f(t, r)
+ g(t, r)2d~x2, (2)
where in the undeformed case we have f(t, r) = r−2 and
g(t, r) = r−1 and we set the bulk radius scale to unity.
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2The energy condition of the gravity theory restricts these
solutions to have z ≥ 1. It is worth to note that since our
discussion is mainly at the level of geometry (i.e. dual
state), it truly does not matter whether the underlying
theory is given by (1) or other theories admitting such
a solution provided a very generic condition which we
discuss bellow is satisfied.
In general dealing with a time dependent coupling even
in the vacuum state is not an easy task. Here the idea is
very similar to what has been addressed in [6] for quench-
ing a deformed conformal field theory. We consider a
time dependent source which is turned on at t = 0 for
a short duration δt and is held fixed afterwards. The
crucial point in the analysis is that on the bulk geom-
etry the response starts to propagate after t = 0 in a
region restricted by t = rz/z and the asymptotic bound-
ary r → 0. As long as δt is small compared to other scales
in the system, the interesting physics is happening in this
region which is safe from backreaction. In other words,
smallness of the quench rate with respect to other scales
results in the non-trivial physics to happen before the
geometry finds enough time to backreact on the response
of the system to the deformation.
To put this argument in a more precise way we first de-
fine the following dimensionless hated coordinates/fields
as r = δt rˆ, t = δtz tˆ, f = fˆ δt−2, g = gˆ δt−1 and
φ = δtdz−∆ φˆ [21]. One can easily check that in the
δt→ 0 limit, Einstein equations decouple from the scalar
and the scalar equation turns out to be nothing but a
scalar on pure Lifshitz geometry, namely
rˆ2∂2rˆ φˆ− (dz − 1)rˆ∂rˆφˆ− rˆ2z∂2tˆ φˆ+ ∆(dz −∆)φˆ = 0. (3)
In the following analysis we restrict to cases where 2∆ 6=
dz + 2nz where n is a positive integer. We discuss about
these particular cases later on in this section.
The scalar field near the boundary is given by
φ(tˆ, rˆ) = δtdz−∆rˆdz−∆
[
ps(tˆ) +O(rˆ2z)
]
+ δt∆rˆ∆
[
pr(tˆ) +O(rˆ2z)
]
,
(4)
in terms of the source ps and the response pr functions.
The corresponding coefficients at higher orders which we
have not mentioned explicitly depend on ∆, d and z.
We consider a simple source function for 0 < t < δt as
ps(tˆ) = δp tˆ
κ, (5)
where κ > 0 and the function is hold fixed with ps(tˆ) =
δp for t > δt. Since the dynamics of the response is
restricted to the region between the Lifshitz boundary
r → 0 and t = rz/z, smoothness condition implies that
φ(t = rz/z, r) = 0. This leads to
pr(tˆ) = aκ · δp · δtdz−2∆ · tˆ
dz−2∆
z +κ, (6)
where aκ is found from the solution of the scalar field on
the entire region as
aκ = −
(2z)
dz−2∆
z Γ(κ+ 1)Γ
(
dz−2∆
2z + 1
)
Γ
(
dz−2∆
z + κ+ 1
)
Γ
(
2∆−dz
2z − 1
) .
From the above expression we find that the analysis is
valid for κ > −(dz − 2∆)/z. This implies that for
quenches which do not satisfy this constraint we are not
allowed to ignore the backreaction of the geometry. Also
it is notable that the above analysis is trivially general-
ized for more complicated source functions owing to the
linearity of Eq.(3).
In specific cases where 2∆ = dz + 2nz, holographic
renormalization of scalar operator indicates that there
is an extra logarithmic term in the expansion of the re-
sponse function [12]. In these cases the leading scaling
behavior of the response is enhanced logarithmically as
pr(tˆ) ∼ δtdz−2∆ log δt.
For homogeneous quenches the diffeomorphism Ward
identity, reads as ∂tE + 〈O〉∂tλ = 0 where E is the en-
ergy density of the boundary theory [5]. The equation
is the same as the constraint, namely the {r, t} compo-
nent, Einstein equation. From an integrated version of
this identity
∆Eren ∝
∫
dt pr ∂tps (7)
we find that the energy density obeys the same scaling be-
havior as the response function. This provides us a non-
trivial check comparing our holographic and field theory
result in the next section.
It is worth to note that the above analysis is quite
general in this sense that it is valid for any kind of non-
linear quench with an arbitrary amplitude. Although we
have considered a quench on the vacuum state, due to
the region which the non-trivial dynamics of the response
takes place, the analysis applies in the same manner to
any initial state with such a UV structure. The analysis
is applicable to any bulk theory which in the δt→ 0 limit
the Einstein equations decouple from the field dual to the
deformation operator.
Our last comment in this section is regarding to
non-uniqueness of the choice of boundary condition
in gauge/gravity duality [13]. The so-called ‘alterna-
tive quantization’ scenario is allowed for operators with
m2BF < m
2 < m2BF + z
2 [12, 14]. There is an extra insta-
bility which further constraints the scaling dimension by
∆ ≤ −1+dz/2 [12]. In this restricted regime, the scaling
of the response function turns out to be the inverse of
that of standard quantization in Eq. (6) and the loga-
rithmic enhancement happens for 2∆ = dz + 2n where n
is a non-negative integer.
It is hard to say how this universal behavior, namely
that the scaling of the response function being indepen-
dent of the quench details, depends on holographic na-
ture of states or not. In the next section we study certain
3relevant deformations in free scalar theories with Lifshitz-
like fixed points. We show that free field theory results
matches with what we have found holographically, indi-
cating that the universal behavior may be the case in a
much wider sense.
FREE THEORY QUENCHES
We now focus on the opposite limit, where the theory
is non-interacting. We consider a mass quench for a free
scalar theory in d-dimensions admitting a Lifshitz-like
fixed point in the massless limit,
S =
1
2
∫
dtd~x
[
φ˙2 −
d−1∑
i=1
(∂zi φ)
2 −m2z(t)φ2
]
. (8)
The quench operator we consider in this case is the mass
operator φ2 with ∆ = d− z − 1 and the time dependent
coupling is m2z(t). For a given z the mass operator is
relevant for d > z+1. We are interested in a mass profile
starting at some positive m0 in t < 0 and smoothly land
on a Lifshitz invariant theory later on. The smoothness
rate is again fast compared to initial gap mz0, and the
UV cut-off scales. To deal with a solvable dynamic, we
choose the following profile
m2z(t) =
m2z0
2
(
1− tanh t
δtz
)
(9)
bringing the theory from a gapped phase to a gapless Lif-
shitz invariant one. Considering the following expansion
for φ
φ(x, t) =
∫
dd−1k
(
akuk + a
†
ku
∗
k
)
, (10)
where [ak, a
†
k′ ] = δ
d−1(k−k′), one finds that the in-going
modes are given by
uk =
1√
2ωin
ei(k.x−ω+t)
(
2 cosh
t
δtz
)−iω−δtz
×
2F1
(
1 + iω−δtz, iω−δtz, 1− iωinδtz; 1− m
2z(t)
m2z0
)
,
(11)
where ωin =
√
k2z +m2z0 and ω± = (|k|z ± ωin)/2. We
are interested in the (renormalized) expectation value of
the mass operator given by
〈φ2〉ren = σd
∫
dk
(
kd−2
ωin
|2F1|2 − f (d)ct (k, z,m(t))
)
, (12)
where σ−1d = 2(2pi)
d/Ωd−2. The counter terms contri-
bution is non-vanishing for d ≥ z + 2 where there exists
divergent terms in the large momentum expansion of the
integrand with kd−z−2 being the most divergent term.
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FIG. 1: Numerical data for the renormalized mass operator
for z = 2 (we set t = 0). The solid lines correspond to power
law fit functions with given exponents in the plot legend for
d ≤ 4 where φ2 is relevant for z = 2.
There are at least two ways to get rid of these divergent
contributions. One way is to renormalize by subtracting
the result from a slow quench, known as the adiabatic ex-
pansion [4]. The reason why the adiabatic expansion is
supposed to work is that the UV modes do not care about
the details of the quench so they are supposed to have
the same divergent structure in fast and slow quenches.
For larger values of the dynamical exponent, these UV
modes happen to become careless to the quench details
relatively at smaller momenta values due to the z power
enhancement in the dispersion relation. The second al-
ternative to get rid of these divergent contributions is
to directly regularize the result by subtracting divergent
terms appearing in the large momentum expansion of the
integrand. These two methods give the same result in our
case. A closed form for f
(d)
ct which depends on m
2z(t) and
its time derivatives is found but is not much instructive
to be presented here. It is also worth to note that for
d < 3z + 1 there is a leading constant term which we
absorb it in our choice of renormalization scheme.
We analyze the fast quench regime with the mass op-
erator first analytically at first non-trivial order of the
δt-dependence of (8). We find that the scaling dimen-
sions found perturbatively perfectly agree with our fits
to numerical analysis.
Lets first consider dimensionless hated parameters for
the initial mass mˆ0 = m0 δt and the momentum variable
kˆ = k δt. In order to explore the fast quench we need to
expand the hypergeometric function for a fixed kˆ around
mˆ0 = 0. One can easily check that the leading order
expansion is mˆ2z0 .
It happens for d = z + 1 + 2nz where n is a non-
negative integer that kˆ−1 appears in this expansion. In
these cases we need to add a IR cut-off µ to our analysis.
In our numerical analysis we always set µ = 1.
The analysis of (12) shows that the generic form is
given by
〈φ2〉ren = cd ·m2z0 · δt3z+1−d +O
(
δt5z+1−d
)
, (13)
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FIG. 2: Logarithmic enhancement of scaling for d = 11, z = 2,
and t = δtz/2. The blue curve is fitted with ∝ δtα log δt
(where the best fit gives α = 3.993) and the orange line is the
best fit with ∝ δt3d+1−d.
where cd is a dimensionless function of the dynamical
exponent and the mass profile. The exact form of cd
does not really matter in our analysis (see [15] for a more
detailed discussion), though for specific case d = 2z(2 +
n)+1, where n is a non-negative integer, the leading term
in (13) takes the following nice form
(−1)n
23+2n
pi
z
∂2n+1t m
2z(t). (14)
This scaling result Eq.(13) matches with the holographic
result Eq.(6).
In Fig.1 we present numerics for Eq.(12) and the cor-
responding power-law fits. The exponents we find nu-
merically perfectly matches with Eq.(13) and thus with
holographic results. In addition, the holographic analy-
sis predicts logarithmic leading behavior for special case
with 2∆ = dz + 2nz. For the case of relevant mass op-
erator the condition is nothing but d = 3z + 1 + 2nz for
non-negative integer n. For the case of n = 0 this is
in agreement with Eq.(13) when the exponent of δt van-
ishes. In our numerics for the case of z = 2, as shown in
Fig.1, we found the best fit to be logarithmic for d = 7.
We find that the coincidence between field theory and
holographic results is also correct for n > 0. For instance
in the case of z = 2 the next value of d turns out to be
d = 11 while the data in Fig.1 does not show such a be-
havior! The reason is due to our specific choice for the
mass profile Eq.(9) where this enhancement disappears
at t = 0 but shows up for other values of t. In Fig.2 we
have plotted numerical data for such a case where the
logarithmically enhanced fit perfectly matches the data
points. We have found the same sensitivity of numer-
ics for larger values of n and z and always found perfect
agreement with the holographic prediction.
In our holographic analysis using Ward identity (con-
straint Einstein equation) we showed that the energy den-
sity and the response function scale identically. As our
final check for our results we check this identity, namely
the renormalized version ∂tEren = 12∂tm2z(t)〈φ2〉ren, in
δt=1/10δt=1/20δt=1/30δt=1/40δt=1/50
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FIG. 3: Solid line is ∂tEren and the data points are
− 1
2
∂tm
2z(t)〈φ2〉ren presented for different values of δt. We
set d = 8 and z = 2.
free field theory. We numerically show that the identity
perfectly holds in this case. In Fig.3 the solid line cor-
responds to ∂tEren which is directly computed from the
renormalized version of the energy density
E = σd
∫
dk kd−2
(
|∂tuk|2 + |∂zi uk|2 +m2z(t) |uk|2
)
,
(15)
and the data points correspond to 12∂tm
2z(t)〈φ2〉ren
which are read from from Eq.(9) and Eq.(12).
Before concluding we would like to emphasis that al-
though the numerical results reported here correspond to
z = 2, we have checked all of our results for higher values
of dynamical exponents in various dimensions.
CONCLUSIONS
We have shown that when the quench rate is fast com-
pared to other scales in the theory, but still slow com-
pared to the UV cut-off, the response of the system scales
universally. The analysis even does not depend on the
initial state of the system. The latter has a geometrical
realization in the holographic side; the propagation of the
response is restricted to a near-boundary region [22].
We have found that this universal bahavior is the case
on one hand for strongly coupled theories and on the
other hand for free theories. Although there is no proof,
based on pertubative arguments in support of the same
feature in interacting theories [15], we believe that this
scaling behavior is the case for generic interacting theo-
ries admitting a Lifshitz-like fixed point.
In relativistic case universal scaling is shown to be true
not in the fast regime but for any rate [16]. Extending
our field theory analysis we also find that this is the case
for Lifshitz theories not only for mass operators but also
for correlators and for more complicated objects such as
entanglement entropy. We will report these results in
5early future in [15] [23].
We have also found perfect agreement between our
studies in the continuum and a latticized version of Lif-
shitz free theories in low dimensions [17].
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